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Abstract. The space WeakL^ consists of all Lebesgue measurable functions on [0, 1] 
such that 

(?(/) = sup c A{t : I >c} 

oo 

is finite, where A denotes Lebesgue measure. Let p be the gauge functional of the 
convex hull of the unit ball {/ : q{f) < 1} of the quasi-norm 5, and let N be the 
null space of p. The normcd envelope of WeakL^, which we denote by VF, is the 
space (WeakL^/A^, p). The Banach envelope of WeakL^, W, is the completion of 
W . We show that W is isometrically lattice isomorphic to a sublattice of W . It is 
also shown that all rearrangement invariant Banach function spaces are isometrically 
lattice isomorphic to a sublattice of W . 



Let (fi, be a measure space. The space WeakL^(/i) consists of all (equivalence 
classes of almost everywhere equal) real-valued S-measurable functions / for which the 
quasinorm 

q{f) = supc/i{^ : \f{uj)\ > c} 
00 

is finite. This space arose in connection with certain interpolation results, and is 
of importance in harmonic analysis. If (f2, E, fi) is purely non-atomic, the maximal 
seminorm p on WeakL^(/i) was found in [Q and to be 



p{f) = lim sup / \f\dp/ ln{q/p). 

Jv<\f\<a 



' q/p>nJp<\f\<q 
p,q>0 

The normed envelope of WeakL^(/i) is the normed space W{fi) = {WeakL^{fi)/N, p), 
where denotes the null space of the functional p. The Banach envelope is the 
completion W{p) of W{p). In this paper, we consider (up to measure isomorphism) 
only the measure space [0, 1] endowed with Lebesgue measure A. We denote W{X) and 
W{\) by W and W respectively. Peck and Talagrand ^ showed that W is universal 
for the class of all separable Banach lattices with order continuous norm. Recently, 
Lotz and Peck showed that W contains isometrically lattice isomorphic copies of 
certain sublattices of i°°{L^). (Here and throughout, means L^[0, 1], up to isometric 
lattice isomorphism.) From this, they deduced that every separable Banach lattice is 
isometrically lattice isomorphic to a sublattice of W. In this article, we show that 
there is a sublattice G of £°°(£°°(L^))/co(£°^(L^)) such that G, W, and W mutually 
isometrically lattice isomorphically embed in one another. It is also shown that all 
rearrangement invariant Banach functions spaces in the sense of are isometrically 
lattice isomorphic to sublattices of W. For further results regarding the structure of 
WeakL^(/x), we refer the reader to Unexplained notation and terminology on vector 
lattices can be found in 0. If ii^ is a Banach lattice and / is an arbitrary index set, 
let £P{I,E), I < p < 00, respectively, Cq{I,E), be the space consisting of all families 
(xi)jg/ such that xi E E for all i, and (||xi||)ig/ G ^^(/), respectively, co(/). We write 
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£P{E) and co{E) for these respective spaces if the index set / = N. Clearly &'[I,E) 
and co(/, E) are Banach lattices. The cardinahty of a set A is denoted by \A\. 

1. The spaces W and W 

If / is a real-valued function defined on a set f2, let the support, of / be the set 
supp/ = {a; e f2 : |/(cu)| > 0}. Furthermore, for real numbers p < q, we write 
{p < f <q} for the set {a; e Q : p < f{uj) < q}. 

Lemma 1. Let {hk) be a sequence of disjointly supported Lehesgue measurable func- 
tions on [0, 1]^. Suppose there exist (5, 7 > and strictly positive sequences {a^), (Pk) 
such that 

1. ak < Pk < ttfc+i for all k, 

2. limfcttfc = limkPk = 00, 

3. liii{ak+i/ Pk) ^ {k + 1) Ylj=i J hj for all k, and 

4. 5ak < hk{s,t) < 7/3fe for all {s,t) e supp hk- 

Jfi^P<q< 00, q/p > 5aj^, and h denotes the pointwise sum J2hk, then 

I h < ^\n^ + sup [ hk- 

Jp<h<q iV op k Jp<hk<g 

Proof If [Saky'jPk] n [pjq] = 0, Jp<hk<q^k = 0. So we may assume that the said 
intersection is non-empty for some k. Since 6ak 00, [Sak^^Pk] H [p.q] 7^ for 
at most finitely many k. Let m and n be the minimum and maximum of the set 
{k : [Sak, 7/3jfc] n [p, 5] 7^ 0} respectively. We consider two cases. 

Case 1 m — n. 

In this case, 



/ /i = / hm< sup / hk- 

Jp<h<q Jp<hm<q k •lp<hk<q 



Case 2 m < n. 



Note that p < ■jPm, and q > 5 an. Therefore, 



Sp (3, 

Now q > 5paN > 5aN', hence n > N. Thus 



7? c^n I r 

In — > In „ " > n ^ / ^fe- 

-1 fe=i 



[ h^J2[ hk+ [ K 

Jp<h<q k=m P-^'^-'i Jp<hn 

n—l „ „ 

< E / ^fc + / 

< -m — + sup / hk 

n op k Jp<hk<q 

1 jq f 

< — In — sup / hk. 

M OV k Jv<hk<a 



k=i •' ''P<h„<q 

- In — , 

n op k Jp<hk<q 

op k Jp<hk<q 

□ 
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Write any element g G £°°(£°°(L^)) as (? = ((7^), where Qij G for all and 
supjj IIs'ij IIli < C)0. For any double sequence of numbers M = (Mij) such that M^- > 1 
for all let F = Fm be the (non-closed) lattice ideal of i°°{£°°{L^)) consisting of 
all g = (gij) G £°°{i^{L^)) such that snpij \\gij\\L°° /Mij < oo. For the next result, 
we follow the idea of Lotz and Peck in considering the WeakL^ space defined on 
the unit square [0, 1]^ endowed with Lebesgue measure. Since [0, 1] and [0, 1]^ are 
isomorphic measure spaces, their corresponding WeakL^ spaces are isometrically lattice 
isomorphic; the same holds for the respective normed and Banach envelopes. 

Proposition 2. There exists a lattice homomorphism T : F —>■ W of norm < 1 which 
vanishes on F D Co{i°° (L^)) . 

Proof. Choose positive sequences and (rj) so that 1 > En, lim„5„ = 0, and rj > 1, 
limjrj = oo. For each n, let En be the conditional expectation operator on with 
respect to the cr-algebra generated by {[^^l^r-, ^) : 1 < m < 2"-}. If i,j,n G N, let Aijn 
be a countable set which is dense in 

{/gE„L1:||/|Ui = 1, £„</<nM,,} 

with respect to the L°°-norm. For each / G Aijn, let {am{f))m=i be the coefficients 
such that 

2" 

f = «m(/)X[(m-l)/2",m/2")- 
m=l 

Note that < am{f) < 2" for 1 < m < 2". Arrange UAijn into a sequence (fk). 
For each k, determine i{k) , j (k) , n{k) such that fk G ^i(fc),j(fc),n(fc)- Choose a positive 
sequence (6^) so that if we define ak = hk/2'^^^\ and (5k = Mii^k),j{k)ri(k)bk/en{k), then 
ak < Pk < ttfc+i, limfc ak = oo = lim^ (3k, and 

ln^>(A: + l)Elnr,(o. 
Let g = (gij) G F, and k eN. Define a function hk on [0, 1]^ by 

^fcl-5,rj - XBkm^ 

m=l ^ 



where 



i^fcm - i (S, t) . — < S < — , < t < 



riik)bk hk ' 2-^=) 2-^=) j" 

The map S* defined hj Sg = J2 hk, where the sum is taken pointwise, is a linear map 
from F into the space of Lebesgue measurable functions on [0, 1]^. Notice that 



2n(fe) ^ 

supp hk^ [j I (s, t) : 

m=l I 



Q'mifk) CLmifk) 

JT < * < ~T — 

ri{k)Ok Ok 



[ Ok 

c\{s,t):^<s<—]. 
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Hence the h^s are pairwise disjoint. As the sets Bkm, 1 < m < 2"'^^\ are also pairwise 
disjoint for each k, it follows readily that is a lattice homomorphism. Suppose g & F, 
\\g\\ = supjj llf^ijllLi ^ 1; let us estimate the p-norm of the function Sg. In the first 
instance, let us assume additionally that there exists 6 > such that gij(t) > 6 for all 
and t. Set 7 = sup^j \\gij\\L°°/Mij. If {s,t) G supp/i^, then 



and 

Hence 
Moreover, 



S_ ^ gi{k),jik){t) ^ ^, ^ lMi(k),j{k) 
s ~ s ' ~ s ' 

Mi(k),jik) _ g«(fc) ^ ^ ^ 2^ _ ]_ 
I3k ri(j,)bk bk ak 

Sak < hk{s,t) < 7/3fc. 



m=l ^i(k)>'k 

2n{k) m 

= E Hk),j{k)it) dt Inri(fc) 

m=l 2"('=) 

= ||5'j(fc),j(fc)||Li Inrj(fc) < Inrj(fc). 



Therefore 



In ^ > (fc + 1) 5: In n^i) >{k + l)Y^ f hi. 

Pk 1=1 1=1 J 

By Lemma |l|, if q/p > 6aN, and p > I, then 

/ 5^ < ^In^ + sup / hk. 

Jp<S9<q JM op k Jp<hk<q 

If q/p > 6aN and < p < 1, then, using Lemma |I| again, 

/ Sg< [ Sg+ [ 5(7 < 1 + 4 In ^ + sup , 

Jp<Sg<q Jp<Sg<l J'^<Sg<q/p JM dp k Jl<hk<q/p 

Hence 

lim sup / Sq/\n(q/p) < lim sup sup / hk/\n(q/p). (2) 



Now 



' q/p>n-^P<S9<q q/p>n k Jp<hk<q 

p,q>0 p,q>o 

r hk< C 

Jp<hk<q Jo Jgi(k),Hk){i)/q s 

II II 1 ^ ^ 1 ^ 

= \\gi(k),j(k)\\L^ m - < In-. 

p p 

Therefore, equation @) implies that p{Sg) < 1. For a general g = (gij) G F, and 
any 6 > 0, let g' = {g[j), where g[j = \gij\ + 6. By the above calculation, p{Sg') < 
Wd'W = WdW + ^- Since 5* is a lattice homomorphism, \Sg'\ > \Sg\. Thus p{Sg) < 
p{Sg') < \\g\\ +5. As 5 > is arbitrary, we conclude that p{Sg) < \\g\\. In particular. 



THE NORMED AND BANACH ENVELOPES OF WEAKL^ 



5 



applying Lemma 1 in we see that 5* maps into WeakL^. It is now clear that the 
map T : F W defined by Tg = Sg + N is a. lattice homomorphism of norm < 1. 

It remains to show that T vanishes on F n co{i^{L^)). By the continuity of T, it 
suffices to show that Tg = for all g = (gij) e F such that there exists io G N with 
gtj = whenever i ^ iq. As above, we may assume additionally that there exists 5 > 
such that gioj{t) > 6 for all j and t. If 7^ 0, then 5fj(fc) 7^ 0; hence i{k) = Zq. Using 

hk< hk< \\g\\ Inrj(fc) = \\g\\ Inr^, 



p<hk<q 



to- 



By 



p(Sq) < lim sup — = 0. 

' -™,/p>n Hq/p) 

p,q>0 



□ 



Let Q be the quotient map from i°°{i°°{L^)) onto i"^ {L'^)) / co{i^ (L^)) . Since Q 
is a lattice homomorphism, G = QF is a sublattice of i'=^{i°^{L^))/co{i'^{L^)). 

Theorem 3. There exists an isometric lattice isomorphism from QF into W . 

Proof. Let T be the map defined in the proof of Proposition |^. Since T vanishes 
on F n Co{i°°{L^)), there exists R : QF ^ W such that T = RQ\p. Now i? is a 
lattice homomorphism, since both T and Q are, and ||-R|| < ||T|| < 1. We claim that 
p{RQg) > \\Qg\\ for all g G F. Suppose g = {gij) G F, and \\Qg\\ = 1. We may 
assume that there exist sequences of natural numbers («(/)), such that («(/)) 

increases to 00, and ~ -'- ^- Recall the sequence {fk) chosen in the 

proof of Proposition |^. Given 77 > 0, there exists a sequence {k{l)) in N such that 
fk{i) G U„A 

III I / II ^ A II/a:(0IU°° ^ 

sup \\mi)jii) \ - fk(i)\\L^ < V, and sup — < 00. 

I I J-vh{i),j{i) 

Let (t)ij = fk(i), and ipij = gi{i),j{i) if {i,j) = I G N, and ipij = ipij = 

otherwise. Then = {(pij) and = [ipij) are both in F, and \\(f) — < rj. Since 

ni<i, 

p{T,l,)=p{T\^\)>p{Tct>)-7^. 

Then 

1^1 > ^ ^ |T(7| > TV- ^ p{Tg) > p{Tij) > p{T4>) - r/. 

For a given /, write fk{i) = Er=i «mX[(m-i)/2",m/2") for some (0^)^=15 and some n. 
Note that i{k{l)) = j{k{l)) = and n{k{l)) = n. By definition of T, for 

1 < m < 2", (s,t) G |T0(s,t)| = ^. In particular, hk(i) < |T0(s,t)| < ri^i)hk(^L) 

for G vS^2=iBk{i),m- Therefore, 



2^ 

/ 1^01 > II —dsdt 



2" ^ 
m=l ^ 



Since limirj(;) = 00, we see that piTcp) > limsup; ||/fc(i)||Li > 1 — rj. As > is 
arbitrary, it follows immediately that p{RQg) = p(Tg) > 1. □ 
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Observe that if M = {Mij) and M' = {M^j) satisfy sup^- Mij = supj M^j = oo for all 
i, then each of QFm and QFm' is isometrically lattice isomorphic to a sublattice of the 
other. For the remainder of this section, let Mij = [i + l)j/ln{i + 1) for all i,j G N. 
The next result and Theorem § together show that QF = QFm is a maximal sublattice 
ofW. 

Theorem 4. There is an isometric lattice isomorphism from W into QF. 

Proof. Given / e WeakL^, and i,j G N, let Qij = fX{j<\f\<{i+i)j}/ ^^{"i + !)• It is easy 
to see that g = {gij) G -F, and that 

\\Qg\\ = limsupsup \\gij\\L^ = (3) 

i— >oo j 

Consider the mapping L : WeakL^ — > QF defined by Lf = Qg. It follows from the 
proof of the Key Lemma 2.3 in that L is linear. Now (|^) tells us that the map 
L : W ^ QF, L{f + A^) = Lf, is well defined and a linear isometry. Also, 

L(|/ + ATI) = L\f\ = Q\g\ = \Qg\ = \Lf\ = \L{f + N)\. 

Hence L is the isometric lattice isomorphism sought. □ 

Theorem 5. There exists an isometric lattice isomorphism from W into W . 

Proof. It is easily verified that the set 

D = {Qg:g= {g^,) G r{r{L^)), < M,, for all 

is closed in £~(£°°(Li))/co(£°°(Li)). Let L : W -* QF be the isometric lattice isomor- 
phism given in Theorem ^. By definition of L, L{W) C D. Now there is a unique 
continuous linear extension L# -.W ^ {i'^ (L^)) / c^{i°^ (L^)) of L. Since L{W) C D, 
and D is closed, L*(iy) CDC QF. Obviously, L* is an isometric lattice isomor- 
phism. Let R : QF —>■ W he the isometric lattice isomorphism constructed in Theorem 
^, then i?L* is an isometric lattice isomorphism from W into W. □ 

2. Rearrangement invariant spaces 

In this section, we show that if is a rearrangement invariant space in the sense of 
§2a], then E is isometrically lattice isomorphic to a sublattice of W. The result is 
inspired by Theorem 4 in |Q, where it was shown that the WeakL^ spaces defined on 
separable measure spaces are isometrically lattice isomorphic to sublattices of W. We 
provide the proof only for the rearrangement invariant spaces defined on [0, cx)). The 
proofs for the measure spaces [0, 1] and N can be obtained by making some obvious 
adjustments. Recall that if ii^ is a rearrangement invariant space (or, more generally, a 
Kothe function space [^, Definition l.b.l7]), every measurable function h such that hf 
is integrable for all / G -E defines a bounded linear functional x'f^ on E by x'^{f) = J fh. 
Such functionals are called integrals. Every simple function generates an integral on 
E. 

Lemma 6. Let E be a rearrangement invariant space on [0, oo), there exists a sequence 
of simple functions (hi) such that \\x'f^.\\ < 1 for all n, and \\f\\ = limsupj^^^ | / fhi\ 
for all f e E. 
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Proof. Let be the collection of all simple functions of the form h = Z]j=i ctjX[cj__i,cj), 
where /c e N, (cj)^=q are rational numbers, and = Cq < Ci < ■ ■ ■ < c^. Define 

J-'i to be the subset {h E : \\x'i^\\ < 1}. We claim that for any f & E, and any 
e > 0, there exists h E J^i such that | / fh\ > ||/|| — £. Let f E E and e > be 
given. By definition of rearrangement invariant spaces, there exists an integral x'g G E' 
such that 11x^11 < 1, and = |/ fg\ > \\f\\ — e/2. Let (gn) be a sequence of 

simple functions which converges to g pointwise, and such that \gn\ < \g\ for all n. 
By the Lebesgue Dominated Convergence Theorem, lim„/ fgn = J fg. We may thus 
assume additionally that g is a simple function. It is easy to see that there exists 
/i e JF such that \ J fh\ > \ J fg\ - e/2 > \\f\\ - e, and that h* < g* , where h* and g* 
are the decreasing rearrangements of and \g\ respectively. Thus < < 1. 
Therefore, /i G JFi, as desired. 

Since Ti is countable, we can arrange for a sequence {hi) so that each element of 
J-'i appears infinitely many times in the sequence. Clearly the sequence {hi) fulfills the 
conditions of the lemma. □ 



Theorem 7. Every rearrangement invariant space E on [0, oo) is isometrically lattice 
isomorphic to a sublattice ofW. 



Proof. We will show that E is isometrically lattice isomorphic to a sublattice of QFm 
for some suitably chosen double sequence M = (Mij). Then, by Theorem ^, E is 
isometrically lattice isomorphic to a sublattice of W, which in turn is isometrically 
lattice isomorphic to a sublattice of W by Theorem ^. 

Let {hi) be the sequence given by Lemma Since hi is a simple function, there 
exists < Oi < oo such that supp hi C [0, Oj]. For / G -E, i G N, and t G [0, 1], define 
fii{t) = aif{ait)\hi{ait)\. Also let fij = for alH G N and all j > 1. Clearly 

ll/alUi = / ' \f{u)k{u)\ du = / \f{u)K{u)\du. (4) 



Thus ll/alUi < 11/11 ■ = 11/11 ■ IKII < 11/11 for all i. Hence (/,,) G ^^{l^{L^)). 

The map T : E ^ i°°{i°^{L^))/co{i°^{L^)) defined by Tf = Q{fij) is easily seen to a 
lattice homomorphism. It follows from the preceding calculation that ||T|| < 1. On 
the other hand, by equation (^, 

limsupsup ll/ijllii = limsup ll/iilUi = limsup / \fhi\ >limsup| / fhi\ > ||/||. 

i j i i J i J 

Therefore, T is an isometry. To complete the proof, it suffices to produce a sequence 
(Mj) such that limj ||/iiX{|/ii|>A:fi}IU^ — 0- For then, if we define Mn = max{Mj, 1}, 
and Mij = 1 for j > 1, it is easy to check that TE C QFm, where M = {Mij). 

Let Ki = \\hi\\Loo for all i. First note that for f e E, \\f\\ > Jq f*{t)dt] hence 
cA{|/| >c}< 11/11 if c > ||/||. Therefore, if c > aiKi 



A{|/.i|>c}<A{t:|/(a,t)|>^} 



c 

> 



ai ^ aiKi 
K, 



} (5) 



< 
c 
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Case 1 . supj Ki = K < oo. 

Let {Mi) be any sequence such that Mj/oj | oo. Let f & E. For all i such that 
M, > a,i^||/||, X{\fa\ > M,} < K\\f\\/M, by (5). Hence 

fK\\f\\/M, 

\\UX{\m>m,}\\l^ < / fii{t)dt 



fKa,\\f\\/M, 

< / nt)h:{t)dt 

Jo 

<K nt)dt. 

Jo 

Since Jq f*{t) dt < ||/|| < oo, we obtain that linii \\fiiX{\hi\>M,}\\L^ = 0. 
Case 2 . sup ^Ki = oo. 

For each i, choose 6j > such that h*{hi) > Ki/2. Then, for all f & E, 

''"nt)dt< r ntmt)dt<\\f\\ (6) 



since llxl. 11 = \\x'u.\\ < 1. Let (rii) be chosen so that limi Ki/ Kn, = 0. Now let (Mj) be 
a sequence such that {aiKi)~^Mi > max{i,i/bn-} for all i. If / G E, and i > ||/||, then 
A{|/,i| > M,} < K,\\f\\/Mi by (5). Therefore, " 

rKillfW/Mi 

ll/ilX{|/a|>M.}IUi < / /AWc?^ 

ra.A-.ll/ll/Af, 



<i^^/ nt)dt 

Jo 
Jo 



<^ by 

It follows that linij ||/iiX{|/a|>A/ollLi =0. □ 

Theorem ^ can be extended to certain rearrangement invariant spaces defined on 
non-separable measure spaces. Endow the two-point set { — 1, 1} with the measure 
which assigns a mass of 1/2 to each singleton set. For any index set J, denote by fi 
the product measure on {—1, l}"^. If / is countable, {—1, 1}'^ is measure isomorphic to 
[0, 1]. For the remainder of this section, fix an index set I which has the cardinality 
of the continuum. For each i E I, let Ei : { — 1, 1}^ {^1; 1} be the projection onto 
the i-th coordinate. If J is a finite subset of /, and 6 = G {—1, 1}'', define 

(pj^s to be the function Yiiej X{ei=Si} on { — 1, 1}'^. Let $j be the span of the functions 
: 6 G {-1, 1}"'}. It is not hard to see that the set $ = U{$j : J C /, | J| < oo} is 
a vector lattice (with the usual pointwise operations and order). Define E by 

E = {f = {fi)i(zj : fi E ^ for all i, fi^O for at most finitely many i}. 

(7) 

Similarly, let Ej consist of all f = {fi)i£i G E such that /j G $j for all i. Then 
E is a vector lattice with the coordinatewise operations and order, and E = U{Ej : 
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J 1 1 \ J\ < oo}. A norm || ■ \\ on E is called a lattice norm if |f| < |g| implies 
||f|| < ||g||. For f = (/j) G E, let the distribution function df of f be defined by 
d^{t)=Y.^^I^i{\f,\>t},t>Q. 

Theorem 8. Let || ■ || be a lattice norm on E which is rearrangement invariant in the 
sense that i, g & E, df = dg implies ||f|| = ||g||. Then {E, \\ ■ ||) is isometrically lattice 
isomorphic to a sublattice ofW. 

Of course, it follows that the completion of E, E, is isometrically isomorphic to a 
sublattice of W. Since W is isometrically lattice isomorphic to a sublattice of W by 
Theorem the same is true for E. This leads immediately to the following corollary. 

Corollary 9. If 1 < p < oo, then 1, 1}^)) is isometrically isomorphic to a 

sublattice of W . 

As indicated above, may be identified (as a Banach lattice) with L^({ — 1, 1}^). 
This identification will be in force for the rest of the section. For each G Z, let 
Tfc : { — 1, 1}^ 1} be the projection onto the A;-th coordinate. Select a bijection 

7 : / ^ { — 1,1}^. Thus, for every i G /, 7(i) = {^{i, k))'^^^, where 'y{i,k) = ±1 for 
all 2 G /, /c G N. Finally, for every i, pick a strictly decreasing sequence of negative 
integers ki = {ki{m))'^^^ such that 

• for each m, {ki{m) : i G /} has only finitely many distinct values; 

• if i 7^ i', then {m : ki{m) = ki/{m)} is finite. 

Given a finite subset J of /, 5 G {—1, l}"^, i G /, and m G N, define, on { — 1, 1}^, 

m 

'4'j,S,i,m = 2™ n X{rfc=7(i,fc)} ■ n XK.(„)=5,}- 

k=i jeJ 
The mapping Tj^m '■ Ej —>■ is defined by 

iei 5e{-i,i}-^ 

for all f = {fi)iei € Ej, where fi = J25e{-i.i}J (^{h S)<pJ,6- Let us remark that the sum 
over i is in fact a finite sum, since fi = for all but finitely many i. It is clear that 
Tjm is linear. If Jq and J are finite subsets of /, there exists mo = mo(/o, J) G N such 
that 

• ilih 1), • • • , 7(^, "^o)) ^ 1), • • • , 7(^', "^o)) if i, i' e Jq, « ^ i', 

• kj{m) 7^ kj'{m) whenever j,j' & J, j ^ j', and m > m^. 

The following lemma is easily verified by direct computation. 

Lemma 10. Let Iq, Ji, and J2 be finite subsets of I such that Ji C J2, and let m > 
mo{Io,J2)- If 

J2 '5)0Ji,<5 = J2 Khv)4'J2,v^ for all i e lo, or 

<5e{-l,l}-'i r7e{-l,l}-'2 

J2 a{i,6)ijj,,s,i,m=J2 J2 b{i,ri)i/jj^^,,^i^rn, 
ie/o 5g{-i,i}"'i ie/o »7e{-i,i}-^2 

then for all rj G { — 1, l}'^^ , and all i G Iq, b{i, rf) = a{i, S), where 5 = rj\j. 
An obvious consequence of the lemma is the following proposition. 
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Proposition 11. Let /q, Ji, and J2 be finite subsets of I such that Ji C J2, and let 
m > mo(/o, ^2)- //f = {fi)iei G Ej^, and fi = for all i ^ Iq, then Tj^^rrS = Tj^,mi- 

For each f G -E, choose a finite subset J(f) of / such that f G Ej^^y Given a 
double sequence (/imn) of non-negative measurable functions on { — 1, 1}^ such that 
suPmn II^J(f),mf ■ ^mnlUi < cxD for all f G -E, cousidcr the (non-linear) mapping T : E ^ 
defined by Tf = (Tj(f),^f ■ /i^Omn- 

Proposition 12. Let Q : ^ ^°°(£°^(Li))/co(^°°(Li)) &e t/ie quotient map. 

Then QT is a linear lattice homomorphism. 

Proof Let f = {fi)i£i, g = igi)iei G E, and let a G R. Choose a finite subset Iq of / 
such that fi = = Qiifi^ Iq. Define J = J(f) U J(g) U J(af + g). If m > mo(/o, J), 
then, for all n G N, 



^J(af+g),m("f + g) • ^mn = Tj^miai + g) " /^mn by PropOSitioU |TT 

= aTj^mf ■ hmn + Tj^mg " ^mn by linearity of T 



J.m 



a7V(f)_^f ■ /im„ + Tj(g)_„,g ■ by Proposition ITT 



Hence QT is linear. Now let J' = J(f) U t/(|f |). Note that the functions {ipj\n,i,m '■ i G 
/o,?7 G {—1,1}'^'} are pairwise disjoint if m > mQ(lQ,J'). Thus Tj/ m|f| = iT'j/^mfl for 
all m > mo(/o, J')- For all such m, and all n G N, it follows from Proposition ^ that 

|-^J(f),mf ' ^mn| |-^J(f),mf| ' ^mn |-^J',mf | ' ^mn -^J',ni|f | ' ^mn -^J(|f |),m | f | ' ^mn- 

Therefore, IQTfj = (5r|f|, as required. □ 

Given m G N, the set i^^m. = {^il'^) : i G /} is a finite subset of negative 
integers. Let K'^ = {1,2, ... ,m} U Km- If r/ = (77^) G {-1,1}^™, let Cr,,m be 
the function Ylk^Ki^X{rk=Vk} defined on { — 1,1}^. Associate with each real sequence 
c = (c,,),,e{-i,i}^m a function he = E.^g{_i_i}Ki„ c^C»7,m- Also, for each m, choose sub- 
sets Im and Jm of / such that \Im\ = 2™, and IJ^I = \Km\- There exists a bijection 
TTm : /m X {-1,1}-^'" {-1,1}^™. Givcu c = (c,,)^g^_-^^^^A'^„ , define = {hi^c)iei by 
^i,c = Et6{-i,i}-^'" c^,„(i,r)0j,„,T for « G J^, and /ii,c = otherwise. 

Lemma 13. Let f = {fi)iei G -E, and let Iq be a finite subset of I such that fi = Oif 
i ^ Iq. If m > mo(/o, -^(f)); and c = (c^)^g|_-,^ iy<'m' ^^^^ there exists h = {hi)i^i, such 
that d^ = dh^, and ||Tj(f),^f ■ /idUi = Eig// 

Proof. Write fi = E<5e{-i,i}J(f) ^)'Pj{f),s for all i G Jq. There exist pairwise disjoint 
subsets {Ci^s : t e Io,5 e {-1, of {-1,1}^^, each of cardinality 2\^^\-W)\^ 

such that Vj(f),5,i,m = 2™ Er,eQ,5 Cr?,m- Then 

IIT f A II \ " \ " \ ' |a(^, '^)c,;| 
||Jj(f),mt ■ ftclUi = 2^ 2^ ^i^^^i • 

Since m > mo(/o, ^(f)), l^ol ^ 2™, and \ J{i)\ < \Km\- Choose subsets Ji and of 
/ such that /o n Ji = 0, |/o U /i| = 2"^, J(f) C J^, and | = \KJ = \Jm\. For 
i E Iq, 5 E { — 1, there exists a bijection z/j^^ : Cj,^ ^ {r G {—1, l}"^"" : T|j(f) = 5}. 
Define /i^ = E5e{-i,i}J(f) Er,eQ,5 c,,0j;„i.,,4(r,) for i G Iq. Finally, there is a bijection 
(3 : hx {-l,iy'^ ^ {-l,l}'^-\ U : ^ G /o,5 G {-1, Ij-^^^)}. Define K = 
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St-sI-i ly''^ ^P{i,-r)4'J'm,r fo^ ^ ^ h- Theii let /ij = if i ^ Jq U Ji. It is straightforward 
to check that h = {hi)i^j fulfills the requirements of the lemma. □ 

For all m G N, let Bm be the collection of all non-negative rational sequences c = 
(c^)^g|_i i}if;, such that I \fihi,c\ < ||f|| for all f = G E. Let us note that 

if c G -Brra, and h = {hi)i^j, d^^ = dhc? then, due to the rearrangement invariance of the 
norm on E, I \ fihi\ < ||f || for all f G -E. 

Proposition 14. Let f = {fi)i^i G E, and let Iq be a finite subset of I such that fi = 
for all i ^ Jq. For all m > mo{Io, J(f)), 

sup ||T7(f),„f ■ /icIUi = ||f ||. 

C&Bm 

Proof. By Lemma |13|, for any c G Bm, there exists h = {hi)i^i such that (ij^ = dhc; 
and ||Tj(f)_mf ■ ^dUi = Z^ie/ / l/i^il- The last sum is < ||f || by the remark preceding 
the proposition. Conversely, for any e > 0, there exists x' G -E", < 1 such that 
|x'(f)| > (1 -£)||f||. For io e Jo, and 5 G {-l,!}^^^), let Xi,,5 = (x^) G where 
= 4'J{i),s if ^ = ^0; and Xj = otherwise. Set 5) = 2'^'^^^x'(xj^5) for i G /q, 
5 G {-1, Write fi = Esel-hiym a(i, (5)0j(f),5 for i G Jq. Then 

|a(2, 6)b{i, 5)1 



(i-.)l|f|l<|x'(f)|<E E . 

iG/o5e{-l,l}-^(f) 

Hence, there exist non-negative rational numbers c{i, 6) such that c{i, S) < \b{i, S)\, and 

(i-^)l|f||<E E 

ie^o <5g{-i,i}-^(*') 

Define g = {gi)i(zi by gi = E5g{-i,i}J(f) c(i, 5)0j(f),5 for z g Jq, 5'^ = otherwise. If 

P = iPi)iei e define Pj(f)P = (g»)iG/, = E5G{~i,i}-^{f) 2'^^'^^ S p4j{{),s ■ (t)j(t),s- By a 
standard argument, using the rearrangement invariance of the norm on E^, we see that 
||-Pj(f)P|| < IIpII- Hence 



/ \Pi9i\ < |a;'|(Pj(f)|p|) < IIpI 



From the proof of Lemma |T3|, there are pairwise disjoint subsets {Ci^s : i E Io,5 E 
{-1, 1}-^^^^} of {-1, 1}^^, each of cardinality 2l'^™l"l'^(^)l, such that if we let Cr^ = c{i, 6) 
for all rj E Ci^s, i E Io,6 E {—1, l}"^^^-*, and = otherwise, then for c = (cr,)^g|_]^ ^^k'^ , 

||7j(f),™f ■ /icIUi = 2^ 2^ — ™^ — >(i-£)||f||. 

Note that df^^ = dg. Hence J2i£io I \Pihi,c\ < ||p|| for all p = {pi)i(zi E E. Thus c G B^- 
Since £ > is arbitrary, we obtain the reverse inequality 

sup ||rj(f),^f ■ /ijii > ||f||. 

This completes the proof the proposition. □ 
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We are now ready to prove Theorem ^. For each m G N, Bm is countable. Hence 
we can hst the functions {he : c G Bm} as a sequence (/imn)$?Li- Define the map 
T : E £~(£'^(Li)) by Tf = {Tj^q^^f ■ hmn)mn- By Proposition |T|, QT is a lattice 
homomorphism, where Q : ^°°{^°°{L^)) ^°°(£°^(L^))/co(£°°(L^)) is the quotient map. 
It follows from Proposition |T^ that QT is an (into) isometry. Finally, note that in the 
notation of Lemma |13| and Proposition |l^, T7(f) ■ he G span{C^ „i : V ^ 1}^™} 
for all m > mo(/o,J(f)). Hence ||Tj(f),mf ■ /ici|L°° < 2l^^l ||Tj(f),mf ■ Thus 
QTi G QFm, where M = (Mm„), Mmn = 2'^™' for all m and ra. An appeal to Theorem 
^ yields the desired result. 

3. Order isometry 

Following 0], we say that a linear operator T from a Banach lattice E into a Banach 
lattice F is an order isometry if Tx > if and only if x > 0, and ||Tx|| = for all 
X E E. In [0, it is shown that if ii^ is a separable Banach lattice, and E' has a weak 
order unit, then E' is order isometric to a closed subspace of W . Here, we show that 
the assumption that E' has a weak order unit can be removed. 

Let F = {-1, 1}^. If m G N, and G $^ = {-1, 1}"^, let F^ = {7 G F : 7|{i,...,m} = 
0}. 

Proposition 15. There is an order isometry from £°°(£^(F)) onto a closed subspace 

Proof. Partition N into a sequence of infinite subsets (L„)5^j^. If a G i°°{i^{r)), write 
a = (a"), so that ||a|| = sup„ X]7Gr I '^^ I < 00. Given m G N, and G define 
6^ = J2'yer ■ '^7) where n is the unique integer such that m G Define the map 

U : £'-(£i(r)) ^ i®ei^m))i^ by Ta = 6, where b = ((6</,)^g#,, (&0)0g$2, • • • )• Clearly 
T is a positive linear operator. Note that if m G then 

E \h\< E E K\ = T.K\<M- 

fliG'i'm (^e-i-m 7Gr^ 7er 

Hence ||T|| < 1. Let Q : {®f{^m))e°<' (©^^($m))f°°/(©^^($m))co be the quotient 
map. Then QT is positive, and ||QT|| < 1. We claim that QT is an order isometry. 

If QTa = Qb > 0, then lim^^ooE{&<^ : G < 0} = 0. If a ^ 0, then 

there exists no and 70 such that a"° < 0. List the elements of is ascending order : 
Lno = {"^1 <m2< ■■■}■ For all r G N, let (pr = 7o|{i,. Then 

lim b^^ = lim 5] a"" = a"" < 0. 

Thus 

;im h< «7o < 0' 

a contradiction. Therefore, a > 0. 

Now, assume ||a|| > 1. Then there exists n such that J2-y£r k"! > 1- Given e > 0, 
choose a finite subset Fi of F such that 

|a"| > 1 and ^ |a"| < e. 
7Gri 7^ri 
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Choose m G L„ so that if we define 0-y = 7|{i,...,m} for all 7 € F, then cf)^ ^ (py for all 
7, 7' e Ti, 7 7^ 7'. For 7 G Ti, 

im = l E <l>l«?l- E l«7l- 

Therefore, 

E M> E Kl- E l«"l>i-^- 

7Gri 7Gri 7^ri 

Since e > is arbitrary, ||QTa|| > ||a||. Since ||QT|| < 1 as well, we conclude that QT 
is an isometry. □ 



Lemma 16. Let E be a separable Banach lattice. Then E' is isometrically lattice 
isomorphic to a sublattice of i"^ {i^ (T , L^)) . 

Proof. By the proof of Lemma 3 in [Q, for any x & E, x > 0, there exist a compact 
Hausdorff space K, and a lattice homomorphism S : C{K) E such that S' is a lattice 
homomorphism, [0, S"a;'] is weakly (and hence norm) separable, and ||>S"a;'|| = |a;'|(a;) 
for all x' G E' . Note that E' , and hence S'E', has a dense subset of cardinality 
< |r|. Since S'E' is a sublattice of the AL-space M{K), has separable order intervals, 
and has density < |r|, it follows that S'E' is isometrically lattice isomorphic to a 
sublattice of £^(r,L^). Now let (x„) be a positive sequence in the unit ball of E 
such that = sup„|x'|(x„) for all x' G E' . For each n, there exists a lattice 

homomorphism i?„ : E' —>■ £^(F,L^) such that ||i?„a;'|| = |x'|(x„) for all x' G E'. 
Clearly, the map R : E' ^ £°°(£^(F, L^)) defined by Rx' = {Rnx')'^^^ is an isometric 
lattice isomorphism. □ 

Theorem 17. Let E be a separable Banach lattice. Then E' is order isometric to a 
closed subspace ofW. 

Proof. For any n G N, let En be the conditional expectation operator on L^ with respect 
to the cr-algebra generated by the sets {[{k — 1) / 2"' , k / 2"') : I < k < 2"}. Then the 
map Vn : f{r,L') ^ e{T,EnL') defined by K((A)7Gr) = ((^„A)-,er)^=i is an order 
isometry. Since ^^(F, EnL^) is clearly isometrically lattice isomorphic to it follows 

that {i^ (T , L^)) , and hence E', is order isometric to a closed subspace of £°°(£^(F)), 
which in turn is order isometric to a closed subspace of {®i^{^m))e°° /{®^^{^m))co by 
Proposition |l^. It is a simple exercise to check that the latter space is isometrically 
lattice isomorphic to a sublattice of QEm for a suitably chosen M = [Mij). Finally, 
QFm is isometrically lattice isomorphic to a sublattice of W by Theorem ^ □ 
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